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A degeneration formula of Gromov-Witten invariants
with respect to a curve class for degenerations from blow-ups
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Abstract
In two very detailed, technical, and fundamental works, Jun Li constructed a the-
ory of Gromov-Witten invariants for a singular scheme of the gluing form Y1 ∪D Y2
that arises from a degenerationW/A1 and a theory of relative Gromov-Witten invari-
ants for a codimension-1 relative pair (Y,D). As a summit, he derived a degeneration
formula that relates a finite summation of the usual Gromov-Witten invariants of a
general smooth fiber Wt of W/A
1 to the Gromov-Witten invariants of the singular
fiber W0 = Y1 ∪D Y2 via gluing the relative pairs (Y1, D) and (Y2, D). The finite sum
mentioned above depends on a relative ample line bundle H on W/A
1
. His theory
has already applications to string theory and mathematics alike. For other new ap-
plications of Jun Li’s theory, one needs a refined degeneration formula that depends
on a curve class β in A∗(Wt) or H2(Wt;Z), rather than on the line bundle H . Some
monodromy effect has to be taken care of to deal with this. For the simple but useful
case of a degeneration W/A
1
that arises from blowing up a trivial family X × A1,
we explain how the details of Jun Li’s work can be employed to reach such a desired
degeneration formula. The related set Ω(g,k;β) of admissible triples adapted to (g, k;β)
that appears in the formula can be obtained via an analysis on the intersection num-
bers of relevant cycles and a study of Mori cones that appear in the problem. This
set is intrinsically determined by (g, k;β) and the normal bundle NZ/X of the smooth
subscheme Z in X to be blown up.
Key words: string world-sheet instanton, stack of stable morphisms, Gromov-Witten invariant, degener-
ation formula, admissible triple, degeneration from blow-up, Mori cone, extremal ray.
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A Degeneration Formula of Gromov-Witten Invariants
0. Introduction and outline.
Introduction.
The understanding of string world-sheet instantons, their moduli space, and the exact
computation of the string correlations functions have been important problems in string
theory, e.g. [A-D-K-M-V], [A-G-N-T1], [A-G-N-T2], [A-K-M-V], [A-M], [B-C-O-V], [C-
dlO-G-P], [O-V], [Wi], and [Y-Y]. The A-model discussions of string theorists’ work are
formulated in part as the Gromov-Witten theory on the mathematical side. Readers are
referred to [Li1: Sec. 0] and [Li2: Sec. 0] for a quick review of the development and the
fundamental literatures of the Gromov-Witten theory. In [Li1] and [Li2], J. Li constructed
a Gromov-Witten theory for a singular variety of the gluing form Y1 ∪D Y2 that arises
from a degeneration W → A1 of smooth projective varieties. Along the way as necessary
ingredients, he constructed the stack W of expanded degenerations associated to W → A1
[Li1: Sec. 1], the stack M(W,Γ) of stable morphisms of topological type Γ from curves
to the universal degeneration over W [Li1: Sec. 2 and Sec. 3], the stack Yreli of expanded
relative pairs associated to (Yi,D) [Li1: Sec. 4], the stack M(Y
rel
i ,Γi) of relative stable
morphisms [Li1: Sec. 4], a perfect obstruction theory for M(W,Γ) and M(Yreli ,Γi) [Li2:
Sec. 1, Sec. 2, Sec. 5] that gives rise to virtual fundamental classes [M(W,Γ)]virt and
[M(Yreli ,Γi)]
virt, and various distinguished Cartier divisors: (L0, t0) and (Lη, sη)’s on the
stack M(W,Γ) [Li2: Sec. 3.1]. These are used to define Gromov-Witten invariants of
W0 := Y1 ∪D Y2 with values in Q and relative Gromov-Witten classes for relative pairs
(Yi,D) with values in H∗(D
r;Q). By construction, these invariants of the singular W0
have the nice constant behavior under smoothening ofW0. As a summit of his work, these
invariants are linked together in a degeneration formula that relates (a summation of) the
ordinary Gromov-Witten invariants of a smooth fiber Wt of the degeneration W → A
1 to
those of the singular fiber W0 via gluing the associated relative pairs (Y1,D) and (Y2,D)
[Li2: Sec. 3, Sec. 4]:
ΨWtΓ (α(t), ζ) =
∑
η∈ΩΓ
m(η)
|Eq(η)|
∑
j∈Kη
[
Ψ
Y rel1
Γ1
(j∗1α(0), ζη,1,j) • Ψ
Y rel2
Γ2
(j∗2α(0), ζη,2,j)
]
0
,
[Li2: Sec. 0 and Sec. 3.2]. The theory he developed already has important applications to
string theory and mathematics alike, e.g. [B-P], [L-S], and [G-V], [L-L-Z1], [L-L-Z2].
In J. Li’s formula above, the left-hand side of the identity involves a summation over
the curve classes represented by lattice points on a compact slice in the Mori-cone NE (Wt)
(determined by the degree of a fixed relative ample line bundle H on W/A1) of the usual
Gromov-Witten invariants with respect to classes in A1(Wt) or H2(Wt;Z). For some new
applications of J. Li’s theory, one needs a similar degeneration formula whose both sides
depend only on a given curve class in A1(Wt) or H2(Wt;Z), rather than on a relative
ample line bundle H on W/A1. In the current work, for the special type of degenerations
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that arise from blowing up a trivial family X × A1 over A1, we derive one such formula
from J. Li’s work: (Sec. 3: Theorem 3.3)
ΨX(g,k;β)(α, ζ) =
∑
η∈Ω(g,k;β)
m(η)
|Eq(η)|
∑
j∈Kη
[
Ψ
Y rel1
Γ1
(j∗1α(0), ζη,1,j) • Ψ
Y rel2
Γ2
(j∗2α(0), ζη,2,j)
]
0
,
where ΨX(g,k;β)(α, ζ) on the left-hand side is the usual Gromov-Witten invariants defined
via the moduli stack Mg,k(X,β) with β ∈ A1(X) or H2(X;Z) and the expression on the
right-hand side depends only on the normal bundleNZ/X of the smooth subscheme Z ⊂ X
to be blown up and the triple (g, k;β).
Convention. This work follows the notations and the terminology of [Li1] and [Li2]
closely, except where confusions may occur. Other notations follow [Ha], [Fu], [De], and
[K-M]. All schemes are over C and all points are referred to closed points.
Outline.
1. J. Li’s degeneration formula of Gromov-Witten invariants.
2. A degeneration formula with respect to a curve class.
3. The H-(in)dependence of ΩH(g,k;β).
1 J. Li’s degeneration formula of GW invariants.
Since [Li1] and [Li2] are very detailed and a summary of his work is already given in [G-V:
Sec. 2] with many insights, we will recall here only definitions that are most relevant and
needed to the current work.
Let pi : (W,W0) → (A
1,0) be a degeneration with smooth fiber Wt for t 6= 0 and a
degenerate fiber W0 of the gluing form Y1 ∪D Y2 over a point 0 ∈ A
1, where Yi are smooth
varieties with a smooth divisor Di ≃ D. Associated to W/A
1 is the Artin stack W of
expanded degenerations [Li1: Sec. 1]. W with its universal family are the descent of the
local standard models of expanded degenerations W [n]→ A1[n] := An+1 constructed from
pi : W → A1, [Li1: Sec. 1.1]. A stable morphism from a prestable curve C/S to the local
model W [n]/A1[n] is a diagram: (in notation f : C/S →W [n]/A1[n])
C
f
−→ W [n]
↓ ↓
S → A1[n]
such that f is nondegenerate, predeformable, and that at every closed point on S, fs has
only a finite automorphism group, ([Li1: Sec. 2.2, Sec. 3.1]). Fix a relative ample line
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bundle H on W/A1 and let (g, k; d) be a triple of integers, then the space of all stable
morphisms from prestable curves to the universal family of W that have arithmetic genus
g, k marked points on the domain and whose induced image on fibers ofW/A1 has constant
H-degree d is a Deligne-Mumford stack M(W, (g, k; d)), [Li1: Theorem 3.10].
For a relative pair (Y,D), where both Y and D are smooth and D is a divisor in Y , J.
Li constructed also a stack Yrel of expanded relative pairs, [Li1: Sec. 4]. Its local model
Y [n]/An has a distinguished divisor D[n]/An induced from D ⊂ Y , [Li1: Sec. 4.1]. There
is a tautological morphism ϕ : (Y [n],D[n])→ (Y,D) by construction.
Definition 1.1 [admissible weighted graph]. ([Li1: Definition 4.6].) Given a relative
pair (Y,D), an admissible weighted graph Γ for (Y,D) is a graph without edges together
with the following data:
(1) an ordered collection of legs, an ordered collection of weighted roots, and two weight
functions on the vertex set g : V (Γ)→ Z≥0 and b : V (Γ)→ A1(Y )/ ∼alg,
(2) Γ is relatively connected in the sense that either |V (Γ)| = 1 or each vertex in V (Γ)
has at least one root attached to it.
For a fixed admissible weighted graph Γ for (Y,D), J. Li defines similarly a relative
stable morphism of type Γ to the universal family of Yrel, [Li1: Definition 4.7. Definition
4.8]. They are locally modelled on a diagram: (in notation f : C/S → Y [n]/An)
C
f
−→ Y [n]
↓ ↓
S → An
,
in which f satisfies the similar non-degenerate, predeformable, and stable conditions with
the extra condition: f−1(D[n]) = the distinguished divisor on C/S adapted to the weighted
roots of Γ. The space of all such morphisms is a Deligne-Mumford stack M(Yrel,Γ), [Li1:
Definition 4.9, Theorem 4.10]. Suppose that Γ has k-many legs and r-many roots, then
there is an evaluation map
ev : M(Yrel,Γ) −→ Y k
associated to the ordinary k marked points on the domain curve of a relative stable mor-
phism and a distinguished evaluation map
q : M(Yrel,Γ) −→ D r
associated to the r distinguished marked points that are required to be the only points
that are mapped to D[n] in a local model.
Definition 1.2 [admissible triple]. ([Li1: Definition 4.11].) Given a gluing Y1 ∪D Y2 of
relative pairs, let Γ1 and Γ2 be a pair of admissible weighted graphs for (Y1,D) and (Y2,D)
respectively. Suppose that Γ1 and Γ2 have identical number r of roots and k1-many and
k2-many legs respectively. Let k = k1 + k2 and I ⊂ {1, . . . , k} be a set of k1 elements.
Then (Γ1,Γ2, I) is called an admissible triple if the following conditions hold:
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(1) the weights on the roots of Γ1 and Γ2 coincide: µ1,i = µ2,i, i = 1, . . . , r ;
(2) after connecting the i-th root of Γ1 and the i-th root of Γ2 for all i, the resulting
new graph with k legs and no roots is connected.
Given an admissible triple η = (Γ1,Γ2, I) as above with Y1 ∪D Y2 = the degenerate
fiber W0 of W/A
1, one has the genus function
g(η) := r + 1− |V (Γ)|+
∑
v∈V (Γ1)∪V (Γ2)
g(v)
and the H-degree function
d(η) :=
∑
v∈V (Γ1)
bΓ1(v) ·H|Y1 +
∑
v∈V (Γ2)
bΓ2(v) ·H|Y2 .
Denote by |η| the triple of integers (g(η), k1 + k2; d(η)).
On local standard charts of M(W, (g, k; d)), admissible triples η with |η| = (g, k; d) are
used to encode at the topological level how a stable morphism f from a connected curve C
to the degenerate fibers ofW [n]/A1[n] is to be realized as the gluing f1⊔f2 of relative stable
morphisms fi from a possibly not connected sub-curve Ci of C to fibers of some Y [ni]/A
ni ,
i = 1, 2. Even more importantly, each such η corresponds to a Cartier divisor (Lη, sη)
on M(W, (g, k; d)). The zero-locus of sη gives a closed “divisoral” substack M(W0, η) of
M(W, (g, k; d)) that constitutes a (union of) component(s) of the fiber M(W0, (g, k; d)) of
M(W, (g, k; d)) over 0 ∈ A1. See [Li1: Definition 4.7, Proposition 4.12, Proposition 4.13]
and [Li2: Definition 3.3]. Moreover, for each such η one has a gluing morphism
Φη : M(Y
rel
1 ,Γ1)×Er M(Y
rel
2 ,Γ2)→M(W, (g, k; d)) ,
which is finite e´tale of pure degree |Eq(η)| to its imageM(Yrel1 ⊔Y
rel
2 , η) in and topologically
isomorphic to M(W0, η). [Li1: Sec. 4.2] and [Li2: Sec. 3.2]. (Here Eq(η) is the set of
permutations of the r-many roots in Γ1 that leaves η unchanged.)
The obstruction theory associated to the deformation problems related to these moduli
stacks are studied in [Li2: Sec. 1 and Sec. 5]. A cohomological description of the defor-
mations of the separate constituents of a stable map and the natural clutching morphisms
that relate the various separate deformation of the constituents are given there. The per-
fectness of the obstruction theory and hence virtual fundamental classes on the various
stacks involved here: [M(W, (g, k; d))]virt , [M(Yreli ,Γi)]
virt, ..., are proved and constructed
in [Li2: Sec. 2]. (See also [G-V: Sec. 2.8 and Sec. 2.9].) These are then used to define the
Gromov-Witten invariants of Y1 ∪D Y2 with values in Q and the relative Gromov-Witten
invariants of the relative pairs (Yi,D) with values in some H∗(D
r,Q).
Given (g, k; d), let Ω(g,k;d) be the set of admissible triples η for the gluing Y1∪D Y2 such
that |η| = (g, k; d), Ω(g,k;d) be the set of equivalence classes in Ω(g,k;d) from re-ordering of
roots, and m(η) be the product of the weight of roots of Γ1 in η ∈ Ω(g,k;d). Then J. Li’s
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degeneration formula of Gromov-Witten invariants in numerical form reads: ([Li2: Sec. 3
and Sec. 4])
Fact 1.3 [J. Li’s degeneration formula]. ([Li2: Theorem 3.15 and Corollary 3.16].)
ΨWt(g,k;d)(α(t), ζ) =
∑
η∈Ω(g,k;d)
m(η)
|Eq(η)|
∑
j∈Kη
[
Ψ
Y rel1
Γ1
(j∗1α(0), ζη,1,j) • Ψ
Y rel2
Γ2
(j∗2α(0), ζη,2,j)
]
0
.
Here the various Ψ’s are the Gromov-Witten invariants (resp. relative Gromov-Witten
classes) in Q (resp. in various H∗(D
r,Q)’s) that arise from intersections with the virtual
fundamental classes constructed in [Li2: Sec. 2] of cycles from pull-back via evaluation
maps or projection maps of cycles on W/A1, Y1, Y2 or on the related moduli stack of
stable curves. See [Li2: Sec. 0] for notations unexplained here with (g, k; d) here = Γ
there, ΨWt(g,k;d) here = Φ
Wt
Γ there, and ζ here = β there to avoid confusions with our later
use of notations. (See also Corollary 2.2 in Sec. 2 for a nearly complete statement of the
formula in our case.)
We only want to remark that ΨWt(g,k;d) is the sum of the usual Gromov-Witten invariants
defined via Mg,k(Wt, β) over β ∈ A1(Wt) (or ∈ H2(Wt;Z)) such that β ·H|Wt = d. As H
varies, the degeneration formula above sums over a different collection of curve classes in
the Mori cone NE (Wt). For other new applications of J. Li’s formula, one needs a form of
the degeneration formula not with respect to H-degree d but with respect to a curve class
β in A1(Wt) or H2(Wt;Z). Due to the possible monodromy effect, we do not know as yet
what such a formula should look like in the most general form. But for the degeneration
W → A1 that comes from blowing up a trivial family X × A1, J. Li’s formula can be
readily modified into the desired form once one traces through the details of [Li2; Sec. 3
and Sec. 4]. We now explain this modification.
2 A degeneration formula with respect to a curve class.
Given a smooth projective variety X and a smooth subvariety Z ⊂ X, let p : W → X×A1
be the blow-up of X × A1 along Z × 0, where 0 is a point on A1. The induced map
pi : W → A1 gives a degeneration of the kind discussed in [Li1] with W0 = Y1∪E Y2, where
Y1 = BlZX, Y2 = P(NZ/X ⊕ OZ), and E = PNZ/X with NZ/X being the normal bundle
of Z in X. We denote also the induced morphisms as p : W0 → X, p1 : Y1 → X, and
p2 : Y2 → X. Since X is projective, there exists a relative ample line bundle H on W/A
1,
which will be fixed in this section. X will be identified as a general fiber of W/A1 as well
whenever necessary. For simplicity of notations, we assume that Z is connected.
Given a triple (g, k; d), let C(H, d)(X) = {β ∈ A1(X) : H · β = d }. Then
M(W, (g, k; d)) =
∐
β∈C(H, d)(X)
M(W, (g, k;β)) ,
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where M(W, (g, k;β)) is the stack of stable morphisms from prestable curves of genus
g with k marked points to the universal family of the stack W of expanded degener-
ations associated to W/A1 such that after the post-composition with the morphisms
W → X × A1 → X, the images of the stable morphisms lie in the curve class β.
Each M(W, (g, k;β)) is a Deligne-Mumford stack as in [Li1: Theorem 3.10]. Being a
union of connected components of M(W, (g, k; d)), the deformation-obstruction theory on
M(W, (g, k;β)) and M(W0, (g, k;β)) := M(W, (g, k;β)) ×A1 0 are the same as those in
[Li2: Sec. 1]. The tangent-obstruction complex on M(W, (g, k;β)), its perfectness and its
resolving locally free 2-term complex E• = [E1 → E2], the relative Kuranishi structure on
E•, the associated cone class in E2, and the virtual fundamental class [M(W, (g, k;β))]virt
defined via the cone class and Gysin pull-back via the 0-section of E2 over M(W, (g, k;β))
are those constructed on [Li2: Sec. 1 and Sec. 2] for M(W, (g, k; d)) but restricted to its
connected components that constitute M(W, (g, k;β)).
Recall the set Ω(g,k;d) of admissible triples η such that |η| = (g, k; d) and the quotient
set Ω(g,k;d) reviewed in Sec. 1. For an admissible weighted graph Γ for a relative pair,
define b(Γ) :=
∑
v∈V (Γ) b(v). Define the β-compatible subset of Ω(g,k;d) by
ΩH(g,k;β) :=
{
η = (Γ1,Γ2, I) ∈ Ω(g,k;d) | p1∗b(Γ1) + p2∗b(Γ2) = β
}
.
To proceed, we need to understand the Cartier divisors (L, sη) associated to η ∈ Ω(g,k;d).
Let η = (Γ1,Γ2, I). Recall the substackM(Y
rel
1 ⊔Y2, η) inM(W, (g, k; d)), which is the
image of the gluing morphism Φη associated to η. For any local chart S of M(W, (g, k; d))
(i.e. a morphism S → M(W, (g, k; d)), whose associated universal family will be denoted
by f), define
Sη := S ×M(W,(g,k;d)) M(Y
rel
1 ⊔ Y
rel
2 , η) .
(For readers not familiar with stacks, it is instructive to think of Sη as the intersection of
S with M(Yrel1 ⊔ Y
rel
2 , η) in M(W, (g, k; d)), Sη is an e´tale subscheme of S.) For S with
Sη empty, (Lη, sη)|S is defined to be the trivial Cartier divisor (OS , 1). In general, S can
be covered by local e´tale charts Sα such that the restriction/pull-back of f on each Sα is
represented by a square fα : Cα/Sα →W [nα]/A
1[nα] in such a way that
(1) The induced map Sαη → A
1[nα] factors through Sαη → Hlα , where Hlα is a coordi-
nate hyperplane in A1[n] = An+1.
(2) Recall the distinguished locus Dlα ≃ Hlα ×D over Hlα in W [nα] ([Li1: Sec. 1.1]).
Then f−1α (Dlα) divides the (connected) prestable curve Cα/Sαη into two collections
of (possibly not connected) prestable curves Cα,1/Sαη and Cα,2/Sαη, realizing Cα/Sαη
as gluing of a curve of type Γ1 and a curve of type Γ2 along the distinguished divisors
f−1α (Dlα) now on Cα,1/Sαη and Cα,2/Sαη respectively.
(See [Li1: Sec. 1.1 and Sec. 2.2] or Figure 2-1 for the locus Dl ⊂W [n] over Hl ⊂ A
1[n] -
here we retain J. Li’s notationDl for easy referring but, to be consistent with our notations,
we should denote it by El.) Let (Llα , slα) be (any) Cartier divisor on A
1[nα] with the zero-
scheme of slα being the hyperplane Hlα . Then f
∗
α(Llα , slα) is a Cartier divisor (Lη,α, sη,α)
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on Sα with zero-locus Sαη. Let S run over the charts in an atlas of M(W, (g, k; d)), one
obtains a collection of local Cartier divisors. They descend to a Cartier divisor (Lη, sη)
on the stack M(W, (g, k; d)), [Li2: Sec. 3.1 and Lemma 3.4].
Figure 2-1. A local model W [n]/A1[n] for the universal family
of the stack W of expanded degenerations associated to a degen-
eration W/A1 and its tautological morphism to W/A1. Over each
coordinate hyperplane Hl in the base A
1[n] := An+1 is a distin-
guished locus Dl in W [n], crossing the singular locus of the fibers
ofW [n]/A1[n] and constituting a connected component of the sub-
scheme of such loci in W [n]. Illustrated here is the case n = 1.
Recall also the Cartier divisor (L0, t0) on M(W, (g, k; d)) that is the pull-back of the
Cartier divisor (OA1 , t) on A
1, where A1 = SpecC[t] and 0 = (t) ∈ SpecC[t], via the
tautological morphism M(W, (g, k; d)) → A1. Then:
Lemma 2.1 [validity]. J. Li’s results on M(W, (g, k; d)) : Proposition 3.5, Theorem
3.6, Lemma 3.10 - 3.14, Theorem 3.15, and Corollary 3.16 in [Li2: Sec. 3] hold for the
substack M(W, (g, k;β)) as well, with η in the quote running over Ω
H
(g,k;β).
Proof. From the above highlight of J. Li’s construction of (Lη, sη), it is immediate that
for η ∈ Ω(g,k;d) − Ω
H
(g,k;β), the restriction of (Lη, sη) to M(W, (g, k;β)) is the trivial
Cartier divisor (OM(W,(g,k;β)),1). Similarly, for η ∈ Ω
H
(g,k;β), the restriction of (Lη, sη)
to M(W, (g, k; d)) −M(W, (g, k;β)) is a trivial Cartier divisor as well. This implies that
J. Li’s results can be applied to M(W, (g, k;β)) and M(W, (g, k; d)) − M(W, (g, k;β))
respectively alone. The lemma then follows.
✷
Explicitly, ⊗
η∈Ω
H
(g,k;β)
(Lη, sη) = (L0, t0) on M(W, (g, k;β)), cf. [Li2: Proposition 3.5].
This implies the following version of the degeneration formula, cf. [Li2: Theorem 3.6] and
notations in Corollary 2.2 below:
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ΨX(g,k;β)(α, ζ) = q∗0

 ∑
η∈Ω
H
(g,k;β)
(
ev ∗0 (α(0)) · pi
∗
g,k(ζ) ·
(
c1(Lη, sη)[M(W, (g, k;β))]
virt
)) ;
see [Li2: Sec. 3.1] for more explanations of notations. The obstruction theory onM(W0, η)
is constructed in [Li2: Sec. 3.2] and the following identities hold for M(W0, (g, k;β)), cf.
[Li2: Sec. 3.2, Lemma 3.10-14, Theorem 3.15]:
c1(L0, t0)[M(W, (g, k;β))]
virt = [M(W0, (g, k;β))]
virt ,
c1(Lη, sη)[M(W, (g, k;β))]
virt = [M(W0, η)]
virt = m(η) [M(Yrel1 ⊔ Y
rel
2 , η)]
virt ,
[M(W0, (g, k;β))]
virt =
∑
η∈Ω
H
(g,k;β)
m(η) [M(Yrel1 ⊔ Y
rel
2 , η)]
virt ,
and
1
|Eq(η)|
Φη∗∆
!
(
[M(Yrel,Γ11 )]
virt × [M(Yrel2 ,Γ2)]
|
)
= [M(Yrel1 ⊔ Y
rel
2 , η)]
virt .
These together imply a degeneration formula for ΨX(g,k;β) in cycle form, which can be
converted into the equivalent numerical form, cf. [Li2: Sec. 3.2 and Sec. 4].
To summarize, given an admissible triple η = (Γ1,Γ2, I) ∈ Ω
H
(g,k;β) with r-many roots in
Γi, recall the evaluation morphism from distinguished marked points: qi : M(W,Γi)→ E
r,
[Li2: Sec. 0]. Then [Li2: Sec. 3 and Sec. 4] and Lemma 2.1 above imply that: (cf. [Li2:
Theorem 3.15 and Corollary 3.16])
Corollary 2.2 [J. Li’s degeneration formula′]. Fix a relative ample line bundle
H on W . Let β ∈ A1(X), d := β · H, Ω
H
(g,k;β) be the subset of admissible triples
(Γ1,Γ2, I) in Ω(g,k;d) such that p1∗b(Γ1) + p2∗b(Γ2) = β, α ∈ A∗(X)
×k, whose extension to
H0(A1;Rpi∗QW )
×k is denoted still by α, and ζ ∈ A∗(Mg,k). Denote by Ψ
X
(g,k;β)(α, ζ) the
usual Gromov-Witten invariant of X associated to these data. For η ∈ Ω
H
(g,k;β), assume
that G∗η(ζ) =
∑
j∈Kη
ζη,1,j✷× ζη,2,j , where Gη : MΓo1×MΓo2 →Mg,k is the natural morphism
between the related moduli stack of nodal curves (cf. [Li2: Sec. 0] for more explanations).
Then
ΨX(g,k;β)(α, ζ) =
∑
η∈Ω
H
(g,k;β)
m(η)
|Eq(η)|
∑
j∈Kη
[
Ψ
Y rel1
Γ1
(j∗1α(0), ζη,1,j) • Ψ
Y rel2
Γ2
(j∗2α(0), ζη,2,j)
]
0
,
where ji : Yi → W0 is the inclusion map,
Ψ
Y reli
Γi
(jαi (0), ζη,i,j) = qi ∗
(
ev ∗(j∗i α(0)) · pi
∗
Γi(ζη,i,j) · [M(Y
rel
i ,Γi)]
virt
)
∈ H∗(E
r) , i = 1, 2 ,
(here piΓi : M(Y
rel
i ,Γi)→MΓoi , [Li2: Sec. 0]), • is the intersection product on the relevant
A∗(E
r)Q for each summand, and [ · ]0 is the degree-0 component of a cycle class.
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In cycle form,
[M(W0, (g, k;β))]
virt =
∑
η∈Ω
H
(g,k;β)
m(η)
|Eq(η)|
Φη∗∆
!
(
[M(Yrel1 ,Γ1)]
virt × [M(Yrel2 ,Γ2)]
virt
)
,
where ∆! is the Gysin map associated to the diagonal map ∆ : Er → Er × Er for the
relevant Er in each summand.
With A1(X) replaced by H2(X;Z) in the discussion, identical degeneration formulas with
respect to β ∈ H2(X;Z) follow.
In these identities, though β and hence the left-hand side are now independent of H,
ΩH(g,k;β) and hence the right-hand side may still depend on H since it is chosen as a subset
of Ω(g,k;d) and the latter does depend on H. Let us now turn to this issue in Sec. 3.
3 The H-(in)dependence of ΩH(g,k;β).
In this section we discuss how to stabilize ΩH(g,k;β) that appears in the degeneration formula
in Corollary 2.2 and potentially depends on the choice of a relative ample line bundle H
on W/A1.
With the same notation as in Sec. 2, every line bundle L on X induces canonically a
line bundle L̂ on X × A1 by pulling back. Since A1 is affine, whose coordinate ring C[t]
separates points and tangent vectors, very-ampleness of L on X implies very-ampleness
of L̂ on X × A1. Since W is a blow-up of X × A1 with exceptional divisor Y2, it follows
from [Ha] or [C-H] that if L is sufficiently very ample on X, then H := p∗L̂⊗ OW (−Y2)
is very ample on W (and hence pi-ample).
Remark 3.1 [sufficiently very ampleness]. Let L′ be a very ample line bundle on X.
Associated to L′ is a homogeneous coordinate ring R for X×A1 associated to L̂′. (Or one
may consider the compactification X × P1 of X × A1 and define L̂′ to be L′✷×OP1(1).).
Suppose that the ideal sheaf I of Z × 0 in W is (finitely) generated by homogeneous
elements of R of degree ≤ a, then [C-H] says that p∗L̂′
⊗c
⊗ OW (−Y2) is very ample for
c ≥ a+ 1. Take now L = L′ ⊗c with c ≥ a+ 1.
Lemma 3.2 [H-independence of ΩH(g,k;β)]. Let H be a relative ample line bundle on
W/A1 that is associated to a sufficiently very ample line bundle L on X as above. Then
the set Ω
H
(g,k;β) that appears in the degeneration formula in Corollary 2.2 does not depend
on L or H. Rather, it depends only on β ∈ A1(X) and the normal bundle NZ/X of Z in
X.
Proof. Fix such an L on X, then the associated H is very ample on W . Let H1 := H|Y1
and H2 := H|Y2 . Recall the morphisms p1 : (Y1, E) → (X,Z), p2 : (Y2, E) → (X,Z), and
p : Y1 ∪E Y2 → X. We assume that Z has codimension r in X. To simplify notations, we
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shall not distinguish a line bundle and its associated equivalence class of Cartier divisors
in our discussion. Denote by γ the line class in a P r−1-fiber of E/Z. Then both NE (p1)
and NE (p2) are generated by γ and R+γ is an extremal ray in both Mori cones NE (Y1)
and NE (Y2). (Caution that E · γ = −1 as cycles in Y1 while E · γ = +1 as cycles in Y2.)
Figure 3-1. The Mori cones NE (X), NE (Y1), and NE (Y2) in
the problem, the morphisms between them, and the extremal ray
R+γ associated to pi : Y1 → X, i = 1, 2, are illustrated. Both the
cross-section of the hyperplane {Hi = di} in N1(Yi)R with NE (Yi),
where di := Hi · β˜i, i = 1, 2, and the ray p
−1
i∗ (pi∗β˜i) are indicated.
By construction,
H1 = p
∗
1L⊗OY1(−E) = p
∗
1L− E .
For H2, observe that: H2 · γ on Y2 = H · γ on W = −Y2 · γ on W = +1, where we
have used the projection formula for push-pull of cycles under a proper morphism and the
fact that Y2 · γ on W is the degree of OW (Y2)|γ on γ and the latter bundle is isomorphic
to OY2/Z(−1)|γ ≃ OP1(−1). Together with the structure theorem of the Chow ring of
projective space bundles, it follows that
H2 = p
∗
2(L · Z) + c1(OY2/Z(1)) = p
∗
2(L · Z) +E .
H1 and H2 are very ample on Y1 and Y2 respectively.
Let η = (Γ1,Γ2, I) ∈ Ω
H
(g,k;β). Then the pairs (b(Γ1), b(Γ2)) are characterized by the
conditions:
p1∗b(Γ1) + p2∗b(Γ2) = β and H1 · b(Γ1) +H2 · b(Γ2) = L · β = d .
Since when β = 0 or /∈ NE (X), the statement in the Lemma holds vacuously, we shall
assume that 0 6= β ∈ NE (X) and that b(Γi) ∈ NE (Yi), i = 1, 2, in the following discussion.
Let (β˜1, β˜2) ∈ NE (Y1)Z×NE (Y2)Z be a pair of curves that satisfies the curve condition
p1∗β˜1 + p2∗β˜2 = β. Consider the following cases.
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Case (a) : β˜1 6= 0 and β˜2 6= 0. Then p
−1
i∗ (pi∗β˜i) ∩ NE (Yi) is a ray parallel to the
extremal ray R+γ of NE (Yi). Let β˜
0
i be the first (non-apex) lattice point on this ray,
then β˜i = β˜
0
i + liγ, for a unique li ≥ 0, i = 1, 2, cf. Figure 3-1. The H-degree condition
implies that (β˜1, β˜2) = (b(Γ1), b(Γ2)) for a (Γ1,Γ2, I) ∈ Ω
H
(g,k;β) if and only if
E · β˜ 01 − l1 = l2 = µη := total root weight
∑
i µ1,i of Γ1 .
These conditions on the pairs (l1, l2) of non-negative integers are independent of L and
hence H.
Since the weight functions b : Γi → A1(Yi)/ ∼alg, i = 1, 2, are subject only to the
conditions b(Γi) = β˜i, the set of their possible choices is determined only by (β˜1, β˜2) and
the semi-groups: NE (Yi)Z, i = 1, 2. Again this is independent of L and hence H. The
choices of weighted roots in Γ1 and Γ2 are only constrained by the condition: l2 = their
common total weight µη. This is irrelevant to H as well. Finally, the choices of legs and
I are irrelevant to H by nature. This concludes the discussion for Case (a).
Case (b) : β˜2 = 0 or β˜1 = 0. In the first situation, apply the above discussion for Y1,
one concludes that β˜1 = β˜
0
1 + (E · β˜
0
1 )γ. In the second situation, β is contained in Z and
β˜2 = β˜
0
2 . Either way, the same conclusion as in Case (a) follows. This concludes the proof.
✷
Denote the stabilized ΩH(g,k;β) by Ω(g,k;β) and its set of equivalence classes by Ω(g,k;β).
Denote with a superscript 0 for the first (non-cone-apex) lattice point of a ray in NE(Yi)
parallel to R+γ. Then the proof of Lemma 3.2 characterizes Ω(g,k;β) for 0 6= β ∈ NE(X)
as: (The set Ω(g,k; 0) is immediate.)
Ω(g,k;β) =
∐
(β˜ 01 , β˜
0
2 ) ∈ NE(Y1)×NE(Y2)
β˜ 01 6= 0, β˜
0
2 6= 0
p1∗β˜
0
1 + p2∗β˜
0
2 = β


η = (Γ1,Γ2, I)
admissible
triple
for Y1 ∪E Y2
∣∣∣∣∣∣∣∣∣∣∣
• b(Γ1) = β˜
0
1 + l1γ, b(Γ2) = β˜
0
2 + l2γ ,
l1 + l2 = E · β˜
0
1 , l1, l2 ∈ Z≥0 ;
• g(η) = g , k1 + k2 = k ;
•
∑
i
µ1,i = l2 ;
• I ⊂ {1, . . . , k} , |I | = k1 .


∐ ∐
0 6= β˜ 01 ∈ NE(Y1)
E · β˜ 01 ≥ 0
p1∗β˜
0
1 = β


Γ1 : admissible
weighted graph
for (Y1, E)
∣∣∣∣∣∣∣
• b(Γ1) = β˜
0
1 + (E · β˜
0
1 )γ ;
• g(Γ1) = g , k-many legs ;
• no roots .


∐ ∐
0 6= β˜ 02 ∈ NE(Y2)
p2∗β˜
0
2 = β


Γ2 : admissible
weighted graph
for (Y2, E)
∣∣∣∣∣∣∣
• b(Γ2) = β˜
0
2 ;
• g(Γ2) = g , k-many legs ;
• no roots .

 .
(Note that in the above expression, up to the orderings of legs, the whole set in respectively
line 2 and line 3 of the equation is either the empty set or a singleton.)
We now summarize the discussions in Sec. 2 and Sec. 3 in the following theorem:
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Theorem 3.3 [J. Li’s degeneration formula refined for blow-up]. Let Z be a smooth
subvariety of a smooth variety X. Consider the family W → A1 by blowing X ×A1 along
Z × 0. Let β ∈ A1(X) and Ψ
X
(g,k;β)( · , · ) be the usual Gromov-Witten invariants of X
defined via the stack Mg,k(X,β) of stable maps of genus g, k marked points, and to the
curve class β in X. Then, with the same notation as in Corollary 2.2, there is a canonical
choice Ω(g,k;β) of a finite set of admissible triples that depends only on NZ/X , (g, k), and
β ∈ A1(X) (more precisely, the semi-group NE (X)Z) such that
ΨX(g,k;β)(α, ζ) =
∑
η∈Ω(g,k;β)
m(η)
|Eq(η)|
∑
j∈Kη
[
Ψ
Y rel1
Γ1
(j∗1α(0), ζη,1,j) • Ψ
Y rel2
Γ2
(j∗2α(0), ζη,2,j)
]
0
.
Similarly for the associated cycle form of the formula. The same statements hold with
β ∈ A1(X) replaced by β ∈ H2(X;Z).
Remark 3.4 [generalization]. The same technique and a similar statement apply also for
a degeneration W → A1 from a sequence of blow-ups of a trivial family X × A1 and for
the situation when the smooth subscheme Z ⊂ X to be blown up is disconnected, with
each connected component of its own dimension. For more general degenerations, one
needs to understand better the monodromy effect around a singular fiber of W/A1 and
how NE (W/A1)Z behaves over A
1.
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